1-D reflectivity method in the frequency ray-parameter domain is the most popular method for computing synthetic seismograms. We explore an extension of this method to media consisting of homogeneous layers with curved interfaces. The 2-D extension of the method involves explicit evaluation of boundary conditions that results in a matrix formulation involving several matrix inversions in a coupled ray-parameter domain. First, we revisit this method by examining the intermediate results in the coupled shot-receiver ray-parameter domain for realistic models; numerous numerical artefacts are caused by matrix operations. Next we investigate an alternate asymptotic approach by examining a tangent plane or Kirchhoff formulation in the plane wave domain to replace the exact boundary condition evaluation. All other reflectivity operations such as the invariant imbedding or iterative computation of reflection, transmission, multiple and mode conversions can be readily applied even under this approximation. Our resulting algorithm computes noise free seismograms even with coarse sampling of the interfaces and ray parameters. Approximate calculation of reflection/transmission coefficients, however, does not include multiple interaction of a plane wave with an interface.
I N T RO D U C T I O N
Seismic modelling is essential for the interpretation and inversion of seismic data, and for generating synthetic data to test seismic processing algorithms. Several algorithms exist for forward modelling of seismic data depending on the accuracy of the solution and assumptions on the model. The ray-based methods generate asymptotic solutions at infinite frequency and can be applied to models of general complexity as long as rays can be traced through the medium (Cerveny 1985 (Cerveny , 2001 ). Pure numerical methods based on finite difference (Virieux 1984 (Virieux , 1986 and finite element (Marfurt 1984) approaches generate complete solutions but these methods become prohibitively expensive at high frequencies. The reflectivity method that is valid for 1-D models and finite difference method valid for a general 3-D model, are the most popular methods for seismic modelling.
The reflectivity method (Fuchs & Mueller 1971; Kennett 1983 ) has been immensely successful in describing propagation of waves up or down a stack of elastic horizontally stratified (1-D) media. Extension of this approach to layered media in which velocities vary laterally (2-D, Koketsu 1987; Koketsu et al. 1991) , however, is not used routinely in spite of the rigor and elegance of the method in the coupled slowness or wavenumber domain. The prime reason is that the 2 × 2 reflectivity matrices in 1-D case become 4N × 4N (P-SV ) and 2N × 2N (SH), where N is the dimensionality of the discrete wavenumber space. The computation of reflection and transmission coefficients in laterally varying media requires at least one such matrix inversion at every interface (requires more number of matrix inversions for interbed multiples) and hence the complexity and errors grow with each recursion for propagation through a stack of layers. Most published examples include seismograms for a single incident plane wave from below a heterogeneous zone.
Ray methods are simple, intuitive and easy to implement. However, ray theory breaks down at caustics and other critical regions. Several methods have been proposed to modify the ray-based methods-they include extended WKBJ theory (Frazer & Phinney 1980; Chapman & Drummond 1982) , Gaussian beams (Popov 2002) and Kirchhoff-Helmholtz methods (Frazer & Sinton 1984) . Frazer and Sen, in a series of papers Frazer 1987; Sen & Frazer 1991) , formulated elastic Kirchhoff-Helmholtz (KH) integral approach in the frequency domain to calculate synthetic seismograms. In their formulation, the source and the receiver wavefields are expanded in a series of generalized rays through layers with irregular interfaces and then KH theory is applied to determine the coupling between each source ray and receiver ray at each interface. A tangent plane or Kirchhoff approximation is used to determine the coupling. The method essentially uses a combination of KH theory and geometrical optics between interfaces and plane wave reflection and transmission coefficients to propagate them across the interfaces. This method was extended to multilayered media into a multiple integral form called multifold path integral (MFPI). To improve on the Kirchhoff approximation further, the MFPI method was further extended to decompose the general source and receiver wavefields in a series of plane waves resulting in multifold 'phase space path integral (PSPI)' (Sen & Frazer 1991) .
In a recent work, it has been shown (Sen & Pal 2007) that the 2-D reflectivity methodology can be effectively utilized to simultaneously obtain (1) plane wave seismograms τ -p-p in the coupled ray-parameter domain, (2) familiar τ -p seismograms at different locations along a profile and finally (3) the conventional 'shot records' in t-x-x domain where x and x denote the shot and receiver positions, respectively. This semi-analytic approach has the potential to be cost-effective in many applications. However, marching through successive layers involves multiplication and inversion of high-dimension matrices, which make the methodology unstable and error-prone after two or three general curved interfaces. Even for a single interface dipping uniformly in one direction-the simplest deviation from a flat interface-the theoretically elegant 2-D reflectivity method encounters problems because it turns out that the matrix required for inversion have non-zero elements along shifted diagonals only. Inversion of such sparse and rank-deficient matrices gives rise to strong numerical artefacts particularly at higher frequencies (Fig. 1) . Such numerical instabilities can be addressed using special matrix routines. Alternatively, the asymptotic PSPI methodology can be utilized to generate noise-free seismograms keeping in mind its limitation of being valid at high frequencies only. However, in its original formulation, the final PSPI response is given in the source-receiver spatial coordinate domain whereas 2-D reflectivity results are expressed primarily in the coupled slowness domain. In this paper, we first establish a correspondence between the asymptotic PSPI formulation of Sen & Frazer (1991) and the more exact 2-D reflectivity approach of Koketsu et al. (1991) by working back the former method to the coupled slowness domain. Then we show a practical and cheap way of obtaining 2-D synthetics combining the more stable and less costly PSPI approach and the features of recursions of propagation through successive layers including interbed multiples followed by generation of seismograms in different domains as mentioned above. We demonstrate the applicability and usefulness of our approach with synthetic seismograms for a variety of representative models.
THEORY

Extension of reflectivity method from 1-D to 2-D
The 1-D reflectivity method is exact for the case where media parameters vary only in one (vertical) direction or equivalently, all interfaces between layers are horizontal. For each frequency ω and ray-parameter p, the angle dependent upward and downward looking reflection and transmission coefficients are computed at each interface from conditions of continuity of displacement u and normal stress τ across an interface between, say, regions 1 and 2 (Fig. 2a) . These coefficients and the propagation within a homogeneous layer form the basis for the four fundamental 'reflectivity' matrices R D (p), R U (p), T D (p), T U (p) that represent the exact cumulative response of a stack of horizontal layers in terms of reflection and transmission in the frequency-wavenumber (or equivalently frequency-horizontal slowness p) domain. The response of different target zones can be computed separately and combined with those of the overburden regions to obtain the complete seismogram. Among the remarkable features of the method are propagation mode conversion and the natural inclusion of interbed multiples of all orders.
Extension of the reflectivity method to two dimensions, where the velocities and densities are allowed to vary laterally as well, is non-trivial. In this paper, we restrict the lateral heterogeneity to the case of homogeneous layers separated by irregular or curved interfaces, which do not cross each other. Lateral media variations within a layer cannot be easily taken into account in a reflectivity-type formalism because the concept of an interface is inherent in it except using the concepts of pseudo-differential operators and Fourier Integral operators (McCoy et al. 1986 ).
We will now follow Koketsu et al. (1991) to describe a 2-D reflectivity formulation in elastic media, for completeness. In 2-D, continuity of displacement vector u[x, z(x)]and normal stress vector τ [x, z(x) ]across a curved interface between regions 1 and 2 may be written as
or, in the Fourier wavenumber domain k (=pω) as
If z(x) = z 0 (flat interface, 1-D case), the integral equations are solved as
The solution of these simultaneous equations yields the familiar 'up/down' looking reflection and transmission coefficients
Across a flat surface, the horizontal slowness p or wavenumber k is conserved according to Snell's law. However, across an irregular interface, an incident ray with a particular p is scattered into different p (Fig. 2b) . This is mathematically equivalent to Fourier transforming the dependence of z on x to the scattered set of p or k . Now the coefficients R D (p), R U (p), T D (p), T U (p) become functions of both p and p .
The details of a 2-D reflectivity method for both P-SV and SH components are discussed in Koketsu et al. (1991) . For completeness, we consider the essential steps of P-SV components only. The wavefield is written as a sum of up going and downgoing waves in terms of P and SV waves 'displacement potentials' in (k, z) domain:
1/2 is the vertical slowness and, α is the velocity for P wave
1/2 is the vertical slowness and β is the velocity for S wave.
Note that ν α = ωq α , where q α isthe P −wave vertical slowness and ν β = ωq β , where is q β is the S −wave vertical slowness.
If one defines the x-and z-components of the displacement as
and the components of the stress
can be written as
The above relationships explicitly depend on the Lame parameter μ. The other parameter λ is absorbed in the relation (Fig. 2b ) between layers 1 and 2 with the underlying assumption h(x) z 0 (i.e. undulations of the interfaces are small and the latter do not cross each other).
Continuity conditions (1) and (2) can be written in the matrix form as follows.
The integrals in eq. (3) are then replaced by sums over discretized k or p-values and the x-dependence is Fourier transformed to the 'scattered' p s:
Note that for h(x) = 0 (flat interface), these matrices are diagonal. For the S H and for the acoustic cases, dimension of the matrices is 2N while for P-SV case it is 4N.
Extending the reflectivity matrix approach of Kennett to higher dimension, one may define reflection and transmission 'supermatrices' ( Then the continuity condition
may be written for downgoing incident wave as
and for upgoing incident wave as
Eqs (4) and (5) are finally solved for R D , R U , T D , T U which are now functions of both p and p in terms of the matrices M(p, p ) and N(p,p ) defined above by the 'invariant embedding approach' of Koketsu et al. (1991) . As already discussed, all these matrices are diagonal for a flat interface. However, for the next least complex case of an interface with a single dip, the matrices can be analytically shown to have non-zero elements along shifted diagonals. Inversion of these highly rank-deficient matrices gives rise to numerical artefacts-as a matter of fact, inversion becomes much less noisy for varying and conflicting slopes when the matrices become dense-for example, in a basin-like structure that has been quoted widely in related literature.
Recalling, for example, the relation between the incident and reflected displacement potentialsū U1 = R DūD1 ,we have
.
in which the first factor in each term on the right-hand side is the generalized reflection coefficient that depends on the undulation h(x) around a 'reference mean depth' z 0 and the second is the 'phase term' that gives rise to the two-way vertical traveltime in the seismogram. Koketsu et al. (1991) derived explicit expressions for Q(p, p ), where Q stands for R D , R U , T D , T U which may be shown to reduce to Q(p) for a flat interface.
At this stage we differ from the approach of Koketsu et al. (1991) in that we examine the seismograms in the coupled slowness domain which offers an easy interpretation that is analogous to 1-D τ -p interpretation for modelling, multiple attenuation and migration. In this procedure, we produce three kinds of seismograms, each of which has tangible correspondence with those obtained for the 1-D case.
General methodology for generation of seismograms in slowness and spatial coordinates
The recursion relation for R AC D , that is, the composite response of two interfaces or regions AB and BC to a downgoing wave that is still valid for irregular interfaces (Koketsu et al. 1991) , namely,
and likewise for other reflection/transmission matrices R U , T D , T U . 
which under further transformation from frequency to time produces the familiar τ -p seismograms R
Subjecting eq. (8) to another p to x transformation yields
which is none other than the multireceiver 'shot record' for a source placed at the location x. The sequence of these three sets of seismograms for different structural models is shown later in Figs 6-11.
Kirchhoff-Helmholtz formulation
The KH integral (e.g. Sen & Frazer 1991) involves an interaction between the reflected plane wavefield with P-wave propagation velocity α, in the direction t pp (the original incident direction being t p ) and a 'reverse' plane wavefield emanating from the receiver in the direction t p at a general point x 1 with components (x 1 ,y 1 ) on the interface having outward normal n (Fig. 4) . Here also we start with wave equation in terms of the 'displacement potential' φ( x). In region 1 containing the 'image' or 'virtual' source
In region 2 containing the interface and the receiver
Using divergence theorem,
one arrives at the following equation (in region 2)
since f 1 vanishes in region 2. Setting f 2 = δ(x − x 2 ) for a point source, we have
It may be noted that in 2-D, the 'surface integral' on the right hand side becomes a 'line integral' along the irregular interface. Assuming homogeneous layers, Sen & Frazer (1991) used ray-parameter expansions of the general source and receiver wavefields resulting in an interaction between plane waves only at each point at the surface of integration-a generalization called multifold phase space path integral (PSPI) by them. It results in the following equation: [Sen & Frazer (1991) for PP reflection from a curved interface. (Refer to Fig. 4 for the meaning of the vectors which have also been explained in the beginning of this section.)]
where p and p are horizontal slowness, q and q are the corresponding vertical slowness defined by q = (ω 2 /α 2 -p 2 ) 1/2 , φ PP stands for the displacement potential and R PP for the Aki-Richards plane wave reflection coefficient for potentials for P-P reflection. (Constant leading Figure 4 . Source, receiver and irregular interface configuration for Kirchhoff-Helmholtz formulation of Sen & Frazer (1991). coefficients before the integrals have been suppressed implied by the ∼ symbol and the symbol for vertical wavenumber has been changed from ν to vertical slowness q to have the correspondence with that used in Sen and Frazer paper). Similar expressions may also be written down for reflected and transmitted wavefields for P-S, S-P and S-S cases by replacing R PP by R PS , etc. and α by β, the S-wave velocity. However, this point onwards, the P-P case will be shown explicitly for brevity.
Let us now compare eqs (6) and (11). In the former (2-D reflectivity method), the reflected wavefield including the 'phase term' is given in the ω-p-p domain with the reflection coefficient R D ( p, p ) calculated explicitly in terms of undulations h(x) over some 'mean' horizontal depth z 0 and its derivative h (x). The latter equation (KH integral formulation) gives the same field directly in the ω-x-x domain as a three-fold integral over p, p and all positions x 1 along the interface with the reflection coefficient put as in Aki-Richards formulation incorporating local slope in the 'tangent plane approximation'; the variation in z 1 (x 1 ) is also included in the phase term.
In view of the previously discussed matrix inversion problem in 2-D reflectivity approach, we transform the asymptotic but simpler PSPI formulation in ω-x-x domain to ω-p-p domain and show its correspondence to the other method. Once the equivalence is established, one may use the cheaper and stable PSPI method and utilize, at the same time, the recursive property of 2-D reflectivity formulation to generate ω-p-p seismograms which are then transformed successively to τ -p-x (τ -p seismograms at all receiver positions), t-x-x (shot records at all locations along a profile) and zero-offset sections. Thus the combination of PSPI in ω-p-p domain and the technique of successive transformations from p to x domain-a natural extension of seismogram generation in 1-D-provide a cheap and viable methodology of seismogram synthesis in presence of lateral velocity variations.
C O R R E S P O N D E N C E B E T W E E N R E F L E C T I V I T Y A P P ROA C H ( KO K E T S U, K E N N E T T ) A N D P S P I ( S E N & F R A Z E R 1 9 9 1 )
Recalling eqs (8) and (9), the successive transformations from p to x and from p to x (suppressing the common dependence on ω) arê
Substituting forR( p, x ) we havẽ
Inverting the transformation,
L being the spatial extent of the model. Recalling eq. (11)
which may be written in the form
where x 1 is a point on the irregular interface and R includes the 'directivity' factors in eq. (11). Note that the scalar product has been written out explicitly after redefining the slowness vector components so that they conform to earlier notations p and p according to Fig. 5 ) Applying the inverse transformation (eq. (13) and assuming z = z = 0 (both source and receiver on the surface),
In general, for an irregular interface,
For a flat interface [h(
It may be noted that eq. (15) is very similar to eq.(6) in 2-D reflectivity approach (with the notation for vertical slowness being changed from ν to q). The difference, however, is that both the undulation h(x 1 ) and its derivative enter explicitly in the calculation of R PP D ( p, p ) in eq. (6), whereas in eq. (15), only the depth variation h(x 1 ) gets integrated over x 1 in the 'phase term' to give an equivalent effect. The two approaches converge in the limiting case of a flat interface, that is, h(x) = 0.
E X A M P L E S
In this section, we show synthetic seismograms for several models, from the simplest to increasing degrees of complexity in terms of the 'curvedness' of the interfaces and their numbers. The corresponding τ -p-p , τ -p-x and t-x-x responses at the surface (z = 0) are shown to demonstrate the efficacy of the approach adopted in this paper which may be termed as 'PSPI based reflectivity'. The models are chosen in such a way that first, the responses of the simple ones can be interpreted easily and compared to the expected τ -p and t-x domain results known from independent methods like the Kirchhoff ray-based modelling. The methodology is then applied to more complicated models with a variety of irregular interfaces. The stability of the procedure is established (confirmed) by propagation down a number of layers and the generation of interbed multiples.
Figs 6(a)-(e) to 8(a)-(e) depict three-layer, two-interface models and their responses (primaries only) in which the first interface is taken as flat to have the simplest transmission down to the non-flat interface below [a single dipping bed in Fig. 6a , a symmetric cross-dipping bed (the 'V-model') in Fig. 7a and a basin structure in Fig. 8a ]. The case in which both the interfaces are curved is shown (as zero offset section with multiples) in Fig. 11 while Figs 9(a)-(e) show a three-interface model and its primary-only response. All the models have horizontal extent of 1.28 km and vertical extent ∼1 km. In panels 6-9(c) and 6-9(d), the responses correspond to surface locations L, M and R marked on the models at x = 0.32 km (middle of left-side half), x = 0.64 km (middle point) and x = 0.96 km (middle of right-side half) respectively. In Figs 6-8, velocities of layers 1, 2 and 3 are v 1 = 2.1, v 2 = 2.5, v 3 = 2.8 in km s -1 and the corresponding densities are ρ 1 = 1.8, ρ 2 = 2.0, ρ 3 = 2.5 in g cc -1 , respectively. The τ -p-p seismograms, depicted explicitly in this work, vividly show the expected p-values of reflected or scattered rays off an interface corresponding to a particular incident direction. The p-values (in s km -1 ) range from −0.34 to +0.34 at an interval of 0.01 in all the figures.
For a single interface dipping from left-to right-hand side, the scattered p-values shift to the more positive directions-rays with p = 0 shift to p = 0.17 and rays with p = −0.17 get scattered to p = 0 (Fig. 6b) whereas they scatter to opposite directions for beds with conflicting mono-slopes (Fig. 7b) . In the case of the basin-like interface having a range of slopes of opposite sign, the scattered p -values form a continuously distributed self-crossing 'structure' (Fig. 8b) .
After a first transformation from the slowness domain to space domain, these features get reflected in the τ -p-x plots (τ -p seismograms at different locations along a profile shown in Figs 6-8c) . The familiar symmetric ellipses correspond to flat interfaces; the rotated and distorted ellipses result from reflections from slopes while the V-model and synclinal bedding give rise to intersecting ellipses with different orientations corresponding to different incident rays. The space-domain one-shot-multireceiver gathers (obtained by an additional transform from p to x domain) having the shape of hyperbolas corresponding to flat interface, tilted hyperbolas for dipping beds and hyperbolas with 'triplicated' traveltimes for synclinal structure are shown in A more complicated multi(curved) layer model (a 'sine wave' shaped interface followed by a basin structure below a top flat layer) and its responses (Figs 9a-e) are included to show the stability of the recursion of reflection and transmission matrices corresponding to propagation of wave down a stack of irregular layers. Note the indication of triplication below the trough part of the sine wave interface and the pronounced triplication of arrival times corresponding to the basinal structure that is tilted due to the presence of sinusoidal interface above it in the t-x-x and zero-offset seismograms. In Figs 6-9, only primary reflections are shown although the method is equipped to generate interbed multiples which are included in the next two figures. Fig. 10 depicts only the zero-offset section (to avoid repetition of similar figures) showing interbed multiples along with the primaries of a wedge or pinch-out model. Note the opposite polarity of the multiple arrivals from those of the primaries. Apart from the generation of interbed multiples for a multicurved-layer model, this model demonstrates that the PSPI based reflectivity method is capable of producing reasonable results even when the interfaces merge with each other as in this simple wedge model. Figs 11(a) and (b) show the model and its zero offset section (with first order multiple) in which the first interface is also not horizontal. Note the tilting of the basin structure related triplication of arrival times due to the sloping interface above. This example further establishes the validity of proper reflection and transmission through a set of arbitrarily curved layers in this methodology that does not require the first interface to be horizontal.
D I S C U S S I O N S A N D C O N C L U S I O N
We have employed a viable combination of exact and asymptotic methods to generate noise-free seismograms in the coupled slowness (τ -p-p ), common shot with varying receiver slowness (τ -p-x ) and familiar shot-receiver (t-x-x ) domains. Explicit responses in all three domains for several models of varying complexity have been demonstrated for the first time. This PSPI based approach has clear advantage over the rigorous 2-D reflectivity method in generating noise-free seismograms. It eliminates the unwanted numerical artefacts that are unavoidable in the latter approach due to inversion of several rank-deficient matrices. The comparison is clearly shown in Fig. 1 . The only noise in the PSPI approach is due to edge effects and the replacement of slowness and spatial integrals by sum over finite number of discrete variables in the numerical implementation. The edge effects are largely taken care of by suitable tapering. Costwise, the time taken by this semi-analytic approach is a few orders of magnitude lower compared to that of finite difference calculation for a typical 2-D model. The added advantage is that all three types of seismograms are produced in a cascaded process in which finally all shot records along a profile are generated simultaneously. This saves a lot of computer time.
It is emphasized once again that the case of laterally varying media considered here is restricted to homogeneous layers separated by irregular interfaces, which do not cross each other. Efforts are under way to generate similar set of responses for a general heterogeneous medium. The zero offset section for the above model demonstrates: (i) transmission through a non-horizontal interface; (ii) tilted bow-tie effect due to the dipping reflector above and (iii) the first-order interbed multiple.
